Introduction
We reconsider characterizations of dynamic (in-)efficiency in competitive stochastic general equilibrium models as well as their observational implications. The analysis focuses on important contributions that extend the Cass (1972) criterion to a stochastic setup for nonstationary [Zilcha (1990) ] and stationary economies [Zilcha (1991) ].
In a recent paper, Rangazas and Russell (2005) criticize Zilcha's characterizations for dynamic inefficiency in overlapping generations models. They come to the conclusion that the general characterization of dynamic inefficiency in stochastic nonstationary economies, the main result in Zilcha (1990) , is stated and proved incorrectly and offer a corrected version of this characterization. Contrary to the first claim, we show in this note that the dynamic inefficiency characterization given in Zilcha (1990) is stated correctly and indeed equivalent to the corrected statement given in Rangazas and Russell (2005) .
However, as pointed out by Rangazas and Russell (2005) , the proof offered by Zilcha (1990) is incorrect as it only proves a (seemingly) different condition. In section 2, we complete the proof of Zilcha's result. That Zilcha's original characterization for nonstationary economies remains valid is potentially useful for constructing new tests of dynamic efficiency, since checking whether a series converges for each path is easier to test than checking whether it stays below a uniform bound for each path. Rangazas and Russell (2005) present illustrative counterexamples to the Zilcha (1991) criterion for inefficiency in stationary economies. They construct an economy that satisfies his (stationary) inefficiency criterion but no improving reallocation of capital exists. Given that Zilcha's (1990) statement of the result for nonstationary economies turns out to be correct, the question arises what flaws the test in Zilcha (1991) that is based on the result from Zilcha (1990) ? We investigate this question in Section 3 by elaborating on a counterexample given in Rangazas and Russell (2005) . In section 4, we then briefly discuss the consequences of our results for applied tests of (in-)efficiency based on the Zilcha criteria. Our conclusion is that Zilcha's stationary criterion is valid only as a sufficient condition for efficiency, as is already pointed out by Rangazas and Russell (2005) , whereas the criterion cannot be used for a test of inefficiency.
2 Zilcha's characterization for nonstationary economies
The analysis focuses on contributions to the dynamic efficiency literature within the framework of nonstationary [Zilcha (1990) ] and stationary stochastic OLG economies [Zilcha (1991) ]. We borrow our notation from Rangazas and Russell (2005) . We also refer to their paper for a description of the model. Denote by S the time-invariant shock space (that affects the production function) with generic element ω t . S is assumed to be a compact Polish space.
1 Let 0 Ω * denote the set consisting of infinite subsequences of the form (ω 0, ω 1,..., ω t , ...). For each t ≥ 0, we define 0 F * t as the Borel σ−algebra on 0 Ω * generated by cylinder sets of the form B = × ∞ k=0 B k with B k ⊆ S, B k is an open set for 0 ≤ k ≤ t and B k = S for t > k [see footnote 4 on p.705 in Rangazas and Russell (2005) ]. We thus have a measurable space ( 0 Ω * , 0 F * ) and consider a probability measure P on this space. Denote the set of feasible allocations given the initial capital stock k 0 by "FPCA from k 0 " (feasible production consumption allocation).
Since our general shock space allows e.g. the case where S = [a, b] for some positive constants a and b, it seems reasonable to require in the case of inefficiency only an improvement (i.e. an increase in aggregate consumption) almost surely at each point in time instead of requiring the improvement in each history (ω 0, ω 1,..., ω t ). 2 In the following, the a.s. qualification is always with respect to the probability measure P . With this modification, the condition in Lemma 1 in Zilcha (1990) reads as: The economy is inefficient if and only if for some t ≥ 0 there exists a set A, where A ∈ 0 F * t has strictly positive P −measure, and there exists another FPCA with k such that
We now state Zilcha's (1990) characterization of (dynamic) inefficiency in two equivalent forms:
from k * 0 is inefficient if and only if one of the following equivalent conditions holds.
(a) (Zilcha, 1990 ) For some t ≥ 0 there exists a set A = A\ ∞ s=t+1 N s , where A ∈ 0 F * t has strictly positive P −measure, N s ∈ 0 F * s with P (N s ) = 0 for each s = t + 1, ..., such that
(b) For some t ≥ 0 there exists a set A = A\ ∞ s=t+1 N s , where A ∈ 0 F * t has strictly positive P −measure, N s ∈ 0 F * s with P (N s ) = 0 for each s = t + 1, ..., and a constant B such that
First, note that the modification in part (a) and (b) concerning the sets N s come from the modification in Lemma 1 of Zilcha (1990) to require the condition (2) (condition (17 b) on p. 373 in Zilcha (1990) ) to hold only a.s., which gives for each t a set N t ∈ 0 F * t with P (N t ) = 0. In the proof of Theorem 2 in Zilcha (1990), we get the estimate (23) in Zilcha (1990) on A except for ω ∈ ∞ s=t+1 N s . Similarly, the construction of an improving reallocation of capital done on p. 377 in Zilcha (1990) is carried out on A except for ω ∈ ∞ s=t+1 N s . Without the a.s. qualification in (1) -the case considered in Zilcha (1990) -the theorem remains the same with the exception that for all zero measure sets we have N s = ∅.
Second, note that if we follow the lines of the proof of Theorem 2 in Zilcha (1990), in part (b) there should be (instead of a constant B) a pos-
, where K is a positive constant. The
.., ω t ) . By our restriction to interior allocations, ψ t (ω) is always bounded below, but k t+1 (ω) − k t+1 (ω) could become arbitrarily small for some history ω t , so that there does not necessarily exist a uniform upper bound. However, given that A ∈ 0 F * t has strictly positive measure and given that P (A) = lim
, we can assume the uniform bound B.
Proof. Obviously, (4) implies (3), but the converse is not obvious and requires a proof. Suppose that the condition in part (a) holds and assume that (b) does not hold. Since 0 Ω * t := S 0 × ... × S t with S i = S for all i is a metrizable space (as the product of metrizable spaces), by Theorem 10.5 in Aliprantis and Border (1999) the probability measure P restricted to (
0 Ω * t , 0 F * t ) is inner regular 3 , which implies there exists a closed
would satisfy condition (b) of the theorem (for B = 1). Thus, we must have P (∪ ∞ n=t {T 1 = n}) > 0 and thus there must exist some t 1 ≥ t with P (
is a metrizable space (as the product of metrizable spaces), by Theorem 10.5 in Aliprantis and Border (1999) the probability measure P restricted to
is inner regular, which implies there exists a closed set
> 1 for ω ∈ K 1 . By the same arguments as before, there exists some t 2 > t 1 with P ({T 2 = t 2 }) > 0 4 . Continuing inductively we obtain closed sets
Since the K i are subsets of the compact space 0 Ω * (it is compact as the product of compact spaces) and are thus compact themselves. By the finite intersection property, they have a nonempty intersection (see Theorem 2.28 in Aliprantis and Border (1999) 
> i for every i, and so
This holds because for each s there exists some t i > s, which by the construction of K i implies K i ∩ N s = ∅. Thus ω * ∈ A, and we
3 Strictly speaking, we should endow 0 Ω * t with its Borel σ−algebra 0 B t . We can, however, identify each set A ∈ 0 B t with the set A × S t+1 × S t+2 × ... from 0 F * t and that is what we have done when we consider obtain a contradiction to assumption (a) of the theorem.
Remark 1
The integers t and the sets A in conditions (a) and (b) can be different.
Remark 2
In the special case of a finite S, each set from 0 F * t has only a finite number of elements. Further, with a probability measure P such that each time t history (ω 0, ω 1,..., ω t ) has strictly positive probability, the following holds: N s ∈ 0 F * s with P (N s ) = 0 implies N s = ∅. Note that the case considered in Rangazas and Russell (2005) in which shocks each period are i.i.d. with a finite support falls into this category.
We thus obtain as a corollary:
Corollary 1 Let S be finite and let P be such that
(a) For some t ≥ 0 there exists a nonempty set A ∈ 0 F * t such that
(b) (Rangazas and Russell, 2005) For some t ≥ 0 there exists a nonempty set A ∈ 0 F * t and a constant B > 0 such that
Our result shows that the statement of the characterization of dynamic inefficiency in Theorem 2 of Zilcha (1990) is correct and that the "correction" in Rangazas and Russell (2005) is merely a restatement of the same condition 5 . However, Rangazas and Russell (2005) are right in pointing out that the proof offered by Zilcha (1990) is incorrect in the sense that what is proved in Zilcha (1990) only allows to conclude the seemingly different condition (b). Additional work is needed to prove the statement of Theorem 2 in Zilcha (1990). Our proof fills this gap. 
Detecting inefficiency in stationary economies
In a sequel paper, Zilcha (1991) presented a necessary and sufficient condition for dynamic inefficiency of stationary economies based on his characterization in Zilcha (1990) , Theorem 2. Rangazas and Russell (2005) present a counterexample to Zilcha (1991) showing that his condition for stationary economies is only necessary, but not sufficient for dynamic inefficiency. They show that the economy does not satisfy condition (6) and conclude correctly that the allocation is efficient. They claim however incorrectly that the economy would satisfy the (seemingly ) weaker condition (5) 6 . So, given that the statement of Theorem 2 in Zilcha (1990) is correct, what makes the Zilcha (1991) inefficiency characterization for stationary economies fail? We will now investigate this question.
7
For the ease of notation we dispense with (population) growth, which was introduced in Zilcha (1991 holds, where E {ln r (ω)} = Ω ln f (k (T −1 ω) , ω 0 ) µ ∞ (dω) and r (ω) = f (k (T −1 ω) , ω 0 ) and T is the shift operator.
We now elaborate on an example constructed by Rangazas and Russell (2005) that has the following features: the (finite number of) shocks each period are i.i.d. and the realizations that occur with positive probability one allows for arbitrary nonstationary allocations as in Zilcha (1990) , this will in general not be sufficient. Consider e.g. an economy with two possible shock realizations each period. Suppose that we always have f (k (ω) , ω t ) ≤ m < 1 for t ≥ 2 if ω 1 = ω. For the other date 0 shock ω suppose we always have f (k (ω) , ω t ) > 1 for t ≥ 2 if ω 1 = ω. Then there exists no positive measure set from 0 F * 0 such that (3) holds, but there exists the positive measure set A = S × {ω} from 0 F * 1 where (3) holds. With Lemma 1, p.370 in Zilcha (1990) , one can increase consumption with positive probability without lowering it anywhere, so that the economy is dynamically inefficient. See also the original statement in Theorem 2 of Zilcha (1990) , which corresponds exactly to our condition (a).
6 They write on p.711 of their paper in the stationary economy they construct, the Zilcha inefficiency criterion for stationary economies and hence (5) is satisfied, while (6) does not hold.
7 See Zilcha (1991) and Rangazas and Russell (2005) for a description of the notion of stationarity employed.
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are real numbers β = ω 1 > ω 2 > ... > ω s = α with s ≥ 2 and α > 0. There is an interval [k α , k β ] with k α , k β > 0 and a continuous function g (k, ω) that is both increasing in k and ω such that the dynamics of capital accumulation is described by g, i.e. k t+1 = g (k t , ω t ) . Further k α = g (k α , α) and k β = g (k β , β) , i.e. if the capital stock starts in [k α , k β ] , the capital stock will stay there forever. As noted in Rangazas and Russell (2005) , the series
can be rewritten as
Given the monotonicity properties of f and that all capital stocks are contained in [k α , k β ] , this implies that (7) is satisfied, seemingly indicating inefficiency.
Another feature of the example is that f (k β , β) > 1. This implies that neither (5) nor (6) holds. To see this, consider for any finite sequence of shocks (ω 0 , ω 1 , ..., ω t ) the continuation path given by ω
This implies that each positive measure set A ∈ 0 F * t for some t ≥ 0 contains a path ω such that 
The random variables ln [f (k α , ω τ )] , τ = 0, ..., t are i.i.d. (and integrable) and thus the strong law of large numbers implies
where almost surely (a.s.) refers to the probability measure µ ∞ on the set of paths 0 Ω * (and on the σ−algebra 0 F * ) generated by the i.i.d. random variables on the shock space S. Note that under the probability measure µ ∞ , each single path ω ∈ 0 Ω * has probability 0, i.e. µ ∞ ({ω}) = 0. (8) implies that
s. for t sufficiently large and thus
< ∞ a.s.. The critical feature of the result is that it only guarantees convergence almost surely and not convergence for every ω ∈ 0 Ω * . In fact, on p.7 in Zilcha (1991) he restates his Theorem 2 from Zilcha (1990) in a way that does not take into account this critical difference and thus flaws his stationary test. While in many situations in economics, behavior on sets of measure zero is unimportant, this is not the case here.
To see exactly how sets of measure zero interact with the impossibility of Zilcha reallocation (as outlined in Rangazas and Russell (2005) ), consider a path of the form ω * = (ω 0 , ω 1 , ..., ω t , β, β, β, ...) , along which eventually after some finite t only the high shock β occurs. The set of all such paths B ∞ has measure zero. For every finite T consider the event ω * T and the positive measure set of paths B ω * T that coincide with ω *
cannot be bounded on B ω * T 8 . Thus, the capital stock vanishes in ω * T for T large enough and the allocation is dynamically efficient. This is the argument used by Rangazas and Russell (2005) , p.713 to show efficiency. At the same time, for the measure zero paths ω * ∈ B ∞ we have ∞ t=0 1 ψs(ω * ) = ∞, so the inefficiency condition of Theorem 2 of Zilcha (1990) does not hold. The example illustrates that under the assumptions of Zilcha (1990 Zilcha ( ,1991 there is no way to rule out positive measure sets on which
is unbounded but finite unless one rules out zero measure sets on which
diverges. So finiteness for all paths is sufficient for inefficiency.
Consequences for Applying (In-)Efficiency Tests
How useful are Zilcha's (in-)efficiency characterizations for applied tests of (in-)efficiency? Our analysis showed on the one hand that for nonstationary economies the dynamic inefficiency characterization given in Zilcha (1990) is correct, and in fact, equivalent to one given in Rangazas and Russell (2005) . This seems to be good news, because testing whether a series as in (3) converges for every ω is easier to test rather than whether there is additionally a uniform bound B over all ω as in (4) . This should make it easier to derive econometric tests from the characterization. On the other hand, for stationary economies, there seems to be no way to construct tests of inefficiency based on some sort of law of large numbers as done in Zilcha (1991) . More generally, all statistical/econometric testing procedures usually do not take into account sets of measure zero, i.e. make statements at most "almost surely"
9 . In the light of the importance of sets of measure zero in evaluating efficiency of a given allocation, it seems very difficult to come up with such a test.
It should, however, be noted that these problems arise only if the test indicates efficiency, i.e. with the sufficiency part of the inefficiency criterion. If we have E {ln r (ω)} > 0, we can conclude that = ∞ a.s., but there are nevertehless efficiency gains by intergenerational risk sharing possible. SCHLUSSATZ 9 The sets of measure zero that are excluded in a testing procedure as described in the previous section are different from those sets of measure zero excluded in Theorem 1. First, Zilcha (1991) has only a finite S, so that N s = ∅ for the measure zero sets from Theorem 1 (compare with Remark 2). Second and more general, if such a test is done for a general shock space, the paths excluded by the test are from 0 F * \ ∪ ∞0 s=0 F * s and are thus different from the sets N s in Theorem 1.
